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Abstract
Using the renormalization-group formalism, a sigma model of a special type —in which
the metric and the dilaton depend explicitly on one of the string coordinates only— is
investigated near two dimensions. It is seen that dilatonic gravity coupled to N scalar fields
can be expressed in this form, using a string parametrization, and that it possesses the usual
UV fixed point. However, in this stringy parametrization of the theory the fixed point for
the scalar-dilaton coupling turns out to be trivial, while the fixed point for the gravitational
coupling remains the same as in previous studies being, in particular, non-trivial.
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1 Introduction
Having its origin in work by Weinberg [1], where he proposed a program that should lead to
the realization of an asymptotically safe quantum gravity (QG), a strong belief exists nowa-
days that a consistent theory of QG might be actually constructed by means of a process of
analytical continuation from two to four dimensions. Further work in this direction has shown
however (see [1] and references therein), that (2 + ǫ)-dimensional Einsteinian gravity ought
to be probably ruled out from this program, as a consequence of its non-renormalizability
at the two-loop level (see the paper by Jack and Jones in Ref. [1]). Recently, there has
been the suggestion [2]-[4] to study dilatonic gravity (with matter) in 2+ ǫ dimensions. This
theory has a smooth behavior in the limit ǫ → 0 and is renormalizable near two dimen-
sions. The existence of a non-trivial ultraviolet fixed point (a saddle point actually) has
been observed in Refs. [2]-[4] for different versions of dilatonic gravity with matter near
two dimensions. However, in dilatonic gravity the beta-functions depend explicitly on the
background dilaton field, as in string theory [5, 6]. Both are defined through the use of the
standard off-shell effective action and, as a result, they are dependent on the gauge and also
on the field parametrization. Hence, the position of the fixed point in dilatonic gravity is
gauge dependent too [3]. It is interesting to study this issue further, and to try to ascertain
if dilatonic gravity is really an asymptotically safe theory, e.g. of the kind mentioned above.
In this letter we shall study dilatonic gravity with scalar matter near two dimensions. We
shall use a parametrization of a special kind (a stringy parametrization), in which dilatonic
gravity is represented under the form of the standard sigma model [7, 8]. Then, the renor-
malization of this sigma model near two dimensions will be discussed and the corresponding
beta-functions will be obtained. By studying dilatonic gravity in 2 + ǫ dimensions in this
stringy parametrization we will find that an UV non-trivial fixed point for the gravitational
coupling constant appears which is the same as the one obtained in Refs. [2]-[4]. However,
the fixed point for the dilaton-scalar coupling will turn out to be a trivial one, contrary to
the situation that has been observed in Refs. [2]-[4]. To finish, we will briefly comment on
this original new result.
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2 A sigma-model of a special type in 2 + ǫ dimensions
Our starting point will be the standard σ-model action corresponding to string theory [7, 8]
S =
∫
ddx
√−g
[
1
2
Gij(X)g
µν∂µX
i∂νX
j +
1
16πG
Rφ(X)
]
, (1)
where i, j = 1, . . . , D, gµν(x) (µ, ν = 1, . . . , d, d = 2+ ǫ) is the (2+ ǫ)-dimensional metric, R
the corresponding curvature, and φ(X) is the dilaton. In the standard sigma-model approach
to string theory it is d = 2, and in the conformal gauge the one-loop effective action is given
by
Γdiv =
1
2πǫ
∫
d2x
√−g
[
1
2
βij(X)g
µν∂µX
i∂νX
j + βφ(X)R
]
, (2)
where [5, 6]
βij(X) = Rij , βφ(X) =
26−D
12
− 8π 1
G
✷
(D)φ(X). (3)
Notice that the beta-functions of the above sigma model (which are not the RG β-functions
in our discussion) are generically different from the Weyl anomaly coefficients [9], and also,
that the loop-expansion parameter in our analysis is G.
We now use the fact that the theory (1) for d = 2 + ǫ has a smooth limit for ǫ → 0.
As has been shown, there are no problems when ǫ→ 0 in this theory, unlike what happens
in the case of Einstein’s gravity near two dimensions [1]. In other words, one can use the
results of the calculation of the effective action at exactly-two dimensions, in order to obtain
the one-loop effective action near two dimensions, as it was the case with dilatonic gravity
[2, 3]. Then, the renormalization of the theory can be carried out in close analogy with the
case of dilatonic gravity [2, 3].
For simplicity we will consider the situation where the sigma-model under study is such
that Gij and Γdiv (i.e., βφ and βij) depend explicitly on a single field ϕ ∈ {X i} only. The
dilaton in (1) is also conveniently parametrized as φ(X)→ e−2φ(X) and is to be considered as
depending only on the field ϕ, so that in the end it is always possible to write φ(X) = e−2ϕ.
The renormalization of the fields can be done as in dilatonic gravity [2], that is
g0µν = gµνe
−2Λ(ϕ) (Λ(0) = 0),
ϕ0 = ϕ+ f(ϕ) (f(0) = 0),
G0ij = Gil(ϕ)Zlj(ϕ), (4)
where Zlj = δlj + Z˜lj. In this case the bare action S0 is given by
S0 =
∫
ddx
√−g
{
1
16πG0
Re−2ϕ−ǫΛ−2f
3
+
ǫ+ 1
16πG0
[
4Λ′ + ǫ(Λ′)2 + 4f ′Λ′
]
e−2ϕ−ǫΛ−2fgµν∂µϕ∂νϕ
+
1
2
GilZlj(ϕ)e
−ǫΛgµν∂µX
i∂νX
j
}
, (5)
where Λ′ = ∂Λ/∂ϕ. One has to compare (5) with S0 = S+Scounter, where Scounter = −µǫΓdiv.
By just matching corresponding terms, we get
1
16πG0
e−2ϕ−ǫΛ−2f = µǫ
(
1
16πG
e−2ϕ − 1
2πǫ
βφ(ϕ)
)
,
ǫ+ 1
16πG0
[
4Λ′ + ǫ(Λ′)2 + 4f ′Λ′
]
e−2ϕ−ǫΛ−2f +
1
2
GϕlZlϕ(ϕ)e
−ǫΛ =
1
2
Gϕϕ − µ
ǫ
4πǫ
βϕϕ,
GilZlj(ϕ)e
−ǫΛ = Gij − µ
ǫ
2πǫ
βij , (6)
where in the last expression the case i = j = ϕ is excluded and the index i corresponding to
ϕ ∈ {X i} is also denoted as ϕ.
We will now take into account the fact that G is the loop expansion parameter, and that
f,Λ ∼ O(G). Dropping terms of higher order in G and following the procedure of Ref. [2],
Eqs. (6) can be written as
1
16πG0
e−2ϕ−ǫΛ(ϕ)−2f(ϕ) = µǫ
(
1
16πG
e−2ϕ − 1
2πǫ
βφ(ϕ)
)
,
ǫ+ 1
4πG0
Λ′(ϕ)e−2ϕ +
1
2
GϕlZlϕ(ϕ)e
−ǫΛ(ϕ) =
1
2
Gϕϕ − µ
ǫ
4πǫ
βϕϕ(ϕ),
GilZlj(ϕ)e
−ǫΛ(ϕ) = Gij − µ
ǫ
2πǫ
βij(ϕ), (7)
where expansion of the exponential functions up to linear terms in G is to be understood.
From Eqs. (7) one can get explicit relations between the non-renormalized and the renor-
malized parameters. In particular,
1
G0
= µǫ
(
1
G
− 8
ǫ
βφ(0)
)
. (8)
For the rest of the parameters of the theory the renormalization can be performed in different
ways (that turn out to be ambiguous). Hence, from now on we will restrict our considerations
to an even smaller class of sigma models, where Gϕϕ −GϕlZlϕ = 0 and βij = 0 (notice that
this case is consistent with the choice of G as the loop expansion parameter). Then Λ(ϕ)
can be easily found, from the second of Eqs. (7), to be:
Λ(ϕ) = − G
ǫ+ 1
∫ ϕ
0
e2ϕ
′ βϕϕ(ϕ
′)
ǫ
dϕ′. (9)
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Substituting (8) and (9) into the first and into the last of Eqs. (7) one finds, to leading order
in G,
f(ϕ) =
4Gβφ(0)
ǫ
(
e2ϕ − 1
)
+
G
2(ǫ+ 1)
∫ ϕ
0
e2ϕ
′
βϕϕ(ϕ
′) dϕ′ +
4G
ǫ
e2ϕ [βφ(ϕ)− βφ(0)] ,
Z˜kj(ϕ) = −
δkjG
ǫ+ 1
∫ ϕ
0
e2ϕ
′
βϕϕ(ϕ
′) dϕ′. (10)
We can now turn to the evaluation of the beta functions of the sigma model under
discussion. We get for G
βG = µ
∂G
∂µ
= ǫG− 8G2βφ(0). (11)
This beta function comes from the renormalization of the dilaton in the original string theory.
In the calculation of the beta-function for the metric we will be interested in its dilatonic
(i.e. ϕ-) dependence only. In this case it is enough to consider the renormalization of Gij
which depends on ϕ0 (to leading order in G):
G0ij(ϕ0) = Gij(ϕ)− Gij(ϕ)G
ǫ+ 1
∫ ϕ
0
e2ϕ
′
βϕϕ(ϕ
′) dϕ′
= Gij(ϕ0)− f(ϕ0)G′ij(ϕ0)−
Gij(ϕ)G
ǫ+ 1
∫ ϕ
0
e2ϕ
′
βϕϕ(ϕ
′) dϕ′. (12)
Then,
βGij = µ
∂Gij(ϕ0)
∂µ
= ǫf(ϕ0)G
′
ij(ϕ0) +
ǫGij(ϕ)G
ǫ+ 1
∫ ϕ
0
e2ϕ
′
βϕϕ(ϕ
′) dϕ′. (13)
With this beta function we terminate here the construction of the string RG near two
dimensions. We will turn now to consider a physically interesting example.
3 Dilatonic gravity near two dimensions as a string
theory
Dilatonic gravity provides an interesting example of a string theory of the above type near
two dimensions. The corresponding Lagrangian can be written as
L = C(ϕ)R− 1
2
e−2φ(ϕ)∂µχa∂νχ
a, (14)
where ϕ is the dilaton and χa are N scalar fields. This is a popular toy model for the study
of quantum gravity and black hole physics. Now, using the method of Ref. [10] in the
conformal gauge
gµν = e
2σg¯µν , (15)
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one can represent the action of dilatonic gravity as a sigma model, in the form
S =
∫
d2x
√−g
[
1
2
Gij(X)g¯
µν∂µX
i∂νX
j +Rφ(X)
]
, (16)
where
Gij =

0 2C ′(ϕ) | 0
2C ′(ϕ) 0 | 0
−−− −−− | − − −
0 0 | −e−2φ(ϕ)
 , X
i = {ϕ, σ, χa} , φ(X) = C(ϕ). (17)
Using Weyl rescaling of the two-dimensional metric one can parametrize the initial La-
grangian (14) so that C(ϕ) = e−2ϕ/(16πG).
One can easily realize that the sigma model (16) is of the same type as the one described
in the previous section. Turning to the construction of the geometry of such a sigma model,
we obtain the stringy β-functions:
βφ(ϕ) ≡ βφ(0) = 24−N
12
,
βϕϕ = Rϕϕ = N
[
(φ′)2(ϕ)− φ′′(ϕ)− 2φ′(ϕ)
]
, (18)
and βij = 0 for the rest of the indexs i, j. Notice that Γdiv in this model has been calculated
also in Refs. [11], [3] and [2], in different gauges. The results in the three references are all
different from one another, and also different from Eq. (18) (note, however, the coincidence
of (18) with the result in Ref. [3] in the gauge α = 0). This should not be considered
as strange, taking into account the fact that Γdiv is gauge dependent off-shell and that the
effective action is also parametrization dependent. Once we use the classical equations of
motion, all the calculations ([11, 3, 2] and (18)) lead to the same effective action on shell,
what can be checked easily (see the Appendix).
Substituting (18) into (11) and (13), we get
βG = ǫG− 2(24−N)
3
G2. (19)
Taking into account that the non-diagonal terms Gϕσ should not be considered in (13), and
choosing the particular Ansatz φ(ϕ) = λϕ, one finds (by substituting (18) and (16) into (13))
βGχχ = G(1− e2ϕ)
[
24− n
3
2λ+
Nǫ
2(ǫ+ 1)
λ(λ− 1)(λ− 2)
]
. (20)
As the one-loop effective action (2) is different from the result one obtains in covariant
gauges, Eq. (20) differs slightly from the corresponding results in Refs. [2, 3].
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Solving Eq. (19) we find that G = 0 is an IR stable fixed point and that
G∗ =
3ǫ
2(24− n) , ǫ > 0, N < 24, (21)
is a non-trivial ultraviolet fixed point. Both βG and the corresponding fixed point G
∗ are
gauge parametrization independent, as they should be.
From (20) we find that, due to the stringy form of Γdiv, the non-trivial perturbative fixed
point of order λ∗ ∼ ǫ found in Ref. [2] (it had been pointed out already [3] that the position
of this fixed point depends very much on the gauge) disappears completely, and only the
solution λ∗ = 0 remains. However, the other imaginary ultraviolet fixed points, of order
λ∗ ∼ ǫ−1/2, mentioned in Ref. [2] show up here as well:
λ1,2 = ±2i
√
24−N
3Nǫ
+O(ǫ0). (22)
We have thus shown that in the string-like formalism the non-trivial ultraviolet fixed point
λ∗ ∼ ǫ of dilatonic gravity (which was observed in the other formalism) does not appear in
the present model, which yields simply the ‘trivial’ solution λ∗ = 0.
4 Discussion
Probably the main result that can be extracted from the preceding study of a special type
of sigma model near two dimensions is the one that comes about from the consideration
of the specific example of dilatonic gravity in d = 2 + ǫ using the stringy parametrization.
Namely, the fact that the position of the UV fixed point for the scalar dilaton coupling has
collapsed to zero. In this way we see that the non-trivial fixed point corresponding to this
coupling constant —which had been found in previous works by different authors (in other
parametrizations)— turns out to be, in the end, a trivial fixed point. At the same time,
the position of the fixed point corresponding to the gravitational coupling constant does not
change. In any case, the nature of the λ fixed point does not change either —it continues to
be a UV saddle point as in Refs. [2]-[4].
It would be of interest to develop a RG formalism for the study of more general sigma
models than the class of sigma models considered in the present work —near two dimensions
and in a unified stringy way. Then one could hope to understand which type of fixed point
for the scalar-dilaton coupling (the trivial or the non-trivial one) turns out to be the most
acceptable physically. In particular, adopting the point of view that string theory may prove
7
to be the fundamental ‘theory of everything’, we believe that the trivial fixed point for the
scalar-dilaton coupling is in fact the physical UV fixed point.
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A Appendix
In this Appendix we will show that the one-loop off-shell effective action —which depends
both on the gauge and on the parametrization— in dilatonic gravity (14) leads to the same
on-shell result. As it follows form (18), in the stringy parametrization of dilatonic gravity
the one-loop effective action is given by
Γdiv =
1
2πǫ
∫
d2x
√−g
{
24−N
12
R +
N
2
[
(φ′)2(ϕ)− φ′′(ϕ)− 2φ′(ϕ)
]
gµν∂µϕ∂νϕ
}
. (A.1)
At the same time, in the covariant gauge of Refs. [11, 3], the result of the calculation of Γdiv
in the same theory is
Γdiv =
1
2πǫ
∫
d2x
√−g
{
24−N
12
R− 1
2
[
8−N(φ′)2(ϕ)
]
gµν∂µϕ∂νϕ
}
. (A.2)
As we clearly see, these two off-shell effective actions differ because of their gauge and
parametrization dependences.
Working, for simplicity, in the conformal gauge (g¯µν = ηµν), we use with (A.1) the
classical equations of motion:
δL
δϕ
=
1
16πG
e−2ϕ(−2∆σ)− 1
2
φ′e−2φ(∂χa)
2 = 0,
δL
δσ
= ∆ e−2ϕ = 0. (A.3)
From the second of Eqs. (A.3) we find that the term (φ′′ + 2φ′)gµν∂µϕ∂νϕ in (A.1) is a
boundary term and can therefore be dropped out. Moreover, the term −4(∂ϕ)2 in (A.2) is
also a boundary term. As a result, all (A.1), (A.2) and the corresponding Γdiv of Ref. [2]
lead to a unique result on-shell (after dropping boundary terms), which is
Γon−shelldiv =
1
2πǫ
∫
d2x
√−g N
2
(φ′)2(ϕ)(∂µϕ)
2. (A.4)
Hence, the corresponding S-matrix is in fact both gauge and parametrization independent,
as it should be from general considerations.
8
References
[1] S. Weinberg, in General Relativity, an Einstein Centenary Survey, eds. S.W. Hawking
and W. Israel (Cambridge Univ. Press, Cambridge, 1979); R. Gastmans, R. Kallosh and
C. Truffin, Nucl. Phys. B133 (1978) 417; S.M. Christensen and M.J. Duff, Phys. Lett.
B79 (1978) 213; I. Jack and D.R.T. Jones, Nucl. Phys. B358 (1991) 695; J. Nishimura,
S. Tamura and A. Tsuchiya, Mod. Phys. Lett. A9 (1994) 3565; T. Aida, Y. Kitazawa,
H. Kawai and M. Ninomiya, Nucl. Phys. B427 (1994) 158.
[2] S. Kojima, N. Sakai and Y. Tanii, Nucl. Phys. B246 (1994) 223.
[3] E. Elizalde and S.D. Odintsov, preprint hep-th/9501015; Phys. Lett. B347 (1995) 211.
[4] Y. Tanii, S. Kojima and N. Sakai, Phys. Lett. B322 (1994) 59; hep-th/9505132.
[5] C. Callan, D. Friedan, E.J. Martinec and M. Perry, Nucl. Phys. B262 (1985) 593.
[6] E.S. Fradkin and A.A. Tseytlin, Nucl. Phys. B261 (1985) 1.
[7] L. Alvarez-Gaume´, D.Z. Freedman and S. Mukhi, Ann. Phys. 134 (1981) 85.
[8] D. Friedan, Ann. Phys. 163 (1985) 318.
[9] A.A. Tseytlin, Nucl. Phys. B294 (1987) 383.
[10] A.H. Chamseddine, Nucl. Phys. B368 (1992) 98.
[11] S.D. Odintsov and I.L. Shapiro, Phys. Lett. B263 (1991) 183; Int. J. Mod. Phys. D1
(1993) 571.
9
